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Box optimisation answers
Worked example 1 – Box size optimisation
[image: A green cardboard box without a lid, with the length and width labelled as equations, and the height labelled X.]
[Image © Shutterstock/Richard Peterson]

Basic equation 		Component dimensions
		Length () 
Width () 
Height () 
The primary goal of this problem is not to solve for the maximum volume, but to practise the algebraic skills (expansion) and the differentiation required:
1. Derive the volume function. 




This gives the volume in terms of .

2. Expand the expression to form a cubic polynomial.


Multiply  by everything in the second brackets.

Multiply by everything in the second brackets.

Then combine the results

and simplify

Continue expanding the bracket.

Multiply all terms in the first brackets by .

So, the volume of the box is represented by the polynomial


3. Find the derivative .

When differentiating polynomials, multiply the coefficient by the index, then reduce the index by one.



[bookmark: _heading=h.8xjlmx59hqr3]
Worked example 2 – Finding the optimal point
Problem
The cost () of running a specific manufacturing process is given by:
 , where  is the operating speed. 
Find the operating speed () that minimises the cost.
	Step
	Instruction
	Working

	1.
	Differentiate the cost function with respect to .
	 = 4s − 24

	2.
	Set the derivative to zero to find the minimum point.
	4s − 24 = 0

	3.
	Solve for (the optimal speed).
	4s = 24 
 s = 6

	4.
	Calculate the minimum cost 
(Substitute back into )
	C(6) = 2(6)² − 24(6) + 150 
= 72 – 144 + 150 
= £78



Student activity – Differentiation for engineering optimisation
You are a Junior Design Engineer tasked with reducing material waste and increasing the efficiency of a key component. You must mathematically prove the optimal dimensions for a product casing using a fixed amount of material and the speed of a machine which produces this casing 
[image: A blue rectangle with white text

AI-generated content may be incorrect.]In manufacturing, material costs and waste disposal are significant expenses. In this example, the company is producing a protective casing for a new electronic control unit. Standard aluminium stock sheets are supplied at 30 cm × 20 cm.
You must use differentiation to find the dimensions that result in the maximum possible volume for an open-top box made from a 30 cm × 20 cm sheet of material with box height .
Any mathematical solution where the total cut width exceeds the sheet dimensions (i.e., ) is physically impossible and must be rejected.
The volume equation for this box is: .
Determine the value of  (the cut-out square side length, which is also the height of the folded box) that maximises the volume.


	Step
	Instruction
	Calculation

	1.
	Expand the equation to the form 
.
	() =  − 100 + 600

	2.
	Differentiate to find the gradient function  
	 = 12− 200 + 600

	3.
	Set  = 0 and simplify the resulting quadratic equation by dividing by 4.

	




	4.
	Solve for using the Quadratic Formula: 
. 

	


	5.
	Validate . Only one value is physically possible (must be less than ). State the optimal .
	Optimal  3.92

	6.
	Calculate the Maximum Volume 
(Substitute the optimal  back into the original  equation from Step 1).
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1
Differentiation practice question answers
	Problem
	
	Calculation for final answer
	Final answer

	Find the gradient of 
when .
	15− 4 + 7
	15(3) ² − 4(3) + 7 = 130
	130

	The displacement in metres () of a remote-controlled device is . 
Find the velocity at seconds.
	v(t) = 6t² − 10t + 4
	6(2)² − 10(2) + 4 = 8
	8 m/s

	A liquid's pressure () changes with temperature () in ºC by . 
Find the temperature () at which the pressure is a minimum.
	  =  − 8
	
	

It is a minimum because and is positive.

	The velocity () of a train in m/s is . 
Find the acceleration at  seconds.
	a() = 8 + 2
	8(10) + 2 = 82
	82 m/s²
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